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A Transformer of One-Third Wavelength in Two
Sections—For a Frequency and Its First Harmonic

Y. L. Chow and K. L. Wan

Abstract—The quarter-wave transformer transforms in one fre-
quency 0, but not its first harmonic 2 0. The transform in 2 0 is
needed in a dual-band operation of GSM and PCS. This require-
ment can be fulfilled in a two line-sections of1 6wavelengths each,
adding to 1 3 wavelengths for the total transformer lengthin the
lower band centering at 0 (fundamental), or 2 3 wavelengths in
the upper band centering at2 0 (1st harmonic). The1 3-wave
transformer is analytically inexact but effectively exactfor engi-
neering applications. For example, for impedance transforms of

= 4, the inexactness gives a reflection of� = 0 013.

Index Terms—Dual frequencies, one-third wave transformer,
transmission-line.

I. INTRODUCTION

W ITH advent of the dual-band operation, such as the GSM
and PCS bands for mobile telephones, it becomes in-

teresting to have antenna arrays and RF circuits that operate at
frequency and the exactly doubled frequency . The feed
system of a dual-band antenna array needs dual-band power
dividers with impedance transformers having the same trans-
forming property at and . A quarter-wave transformer
[1] can transform the load resistance to an input resistance

at a design frequency . It can give the same transform
for and all odd harmonics. It cannot, however, give the trans-
form for and all even harmonics. This letter shows that
using two one-sixth-wave sections of transmission line at,
the new transformer gives the desired transform at both, ,
plus all harmonics that are not divisible by three. The charac-
teristic impedance of the quarter-wave transformer is .
The characteristic impedances of the 2 one-sixth-wave sections
transformer are similar; they are and .

II. DERIVATION

The input impedance two-section transmission line in Fig. 1
is given by

(1)

with

(1a)
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Fig. 1. Circuit of a two-section transmission line forming a transformer.

The complex impedance has two parts, the real and the
imaginary . Therefore, (1) is actually two equations. The dual
frequency has two different, i.e., and for , and ,
assuming lines with no frequency dispersion. Hence, (1) be-
comes a total of four equations for the four unknowns of
and , and .

The input resistance is taken to be where is an
arbitrary real constant similar to what one would choose for the
regular quarter-wave transformer. So, we can taketo be zero.
The four equations of (1) are transcendental. However, they can
be solved easily by nonlinear software.

III. SOLUTION

For solution of (1) we choose as the first example ,
or . The line is assumed to be a coaxial

line with no frequency dispersions. The nonlinear solution is
that , , and

, where is the wavelength at the fundamental.
The solution indicates that we should have the equations

and (2)

It shall be shown in the next section that the design equations
above are analytically not exact, but they are numericallynearly
exact.

Continuing on the example, a Smith chart locus, normalized
to the 50 of the load , is used to follow the impedance
of the example of . That is, the impedance along
the transmission line sections in Fig. 1 from the load to the input

. In Fig. 2, the Smith chart is plotted for the fundamental fre-
quency of . It is observed that there is a kink in to locus at the
junction between the second and the first section of the trans-
mission line before the locus reaches the location of
the input, at .

In Fig. 3, the Smith chart is plotted for the first harmonic of
. It is observed that the locus is twice as long and there is a

different kink in the locus at the junction between the second and
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Fig. 2. Impedance locus of the 2-section1=3-wave transformer on the Smith
chart ofZ = 50 
 at the fundamental frequency,f . Points 1, 2, and 3
correspond to that in Fig. 1.

the first section of the transmission line. Still, the locus reaches
the location of input .

Figs. 2 and 3 have continuous locus sections of or
of a circle in the Smith chart for and . At , each locus
section becomes a full circle and as a result there is no trans-
former action as it is equivalent to the zero frequency. This
cyclic property means that the and should again have
transformer action. In other words, the transformer action oc-
curs at where is an integer not divisible by three.

IV. A NALYTICAL PROOF OF THEDESIGN EQUATIONS IN (2)

Analytically, through applying the software Mathmatica [2]
to (1) and (1a), the equations of (2) are tested and are proven to
be not exact. Numerically, however, through a series of further
examples, it is found that the equations of (2) are indeed valid
(i.e., nearly exact) for most designs within stringent tolerances.
The results of the examples are given below.

Let be the complex value obtained after (2) with a speci-
fied , is substituted into (1) and (1a). Let be the reflection
coefficient from the deviation of from . Then, at ,

, ; ,
, ; , ,

; up to , ,
. The above are for the fundamental frequency

Fig. 3. Impedance locus of the 2-section1=3-transformer on the Smith chart
of Z = 50 
 at the 1st harmonic frequency, i.e.,2f .

. For the harmonic , the real part of each remains un-
changed but the imaginary part just changes sign but remains
also unchanged in magnitude.

V. CONCLUSION

Equivalent to the quarter-wave transformer for one frequency,
a -wave transformer of two sections is found for the fre-
quency and its first harmonic . The design is obtained
numerically through solving a set of 4 nonlinear simultaneous
transmission line equations.

Unlike the quarter-wave transformer, the -wave trans-
former can be shown by an analytical software, such as
Mathematica [2], that it is not exact. Numerically, on the
other hand, the -wave transformer is shown in this paper
to be “effectively exact” for engineering applications of
impedance transform ratios, say, up to (with a reflection

) and up to (with ). This
may be why the -wave transformer has not been discovered
before from an exact transmission line analysis.
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